The Energy-Limited Capacity of Wireless Networks

Wenrui Zhao, Mostafa Ammar and Ellen Zegura College of Computing, Georgia Institute of Technology, Atlanta, Georgia 30332 {wrzhao, ammar, ewz}@cc.gatech.edu

Abstract— The performance of large-scale wireless ad hoc networks is often limited by the broadcasting nature of the wireless medium and the inherent node energy constraints. While the impact of the former on network capacity has been studied extensively in the literature, the impact of energy constraints has not received as much attention. In this paper, we study the capacity limitations resulting from the energy supplies in wireless nodes. We define the energy-limited capacity of a wireless network as the maximum amount of data the network can deliver before the nodes run out of energy. This energy-limited capacity is an important parameter in networks where operating lifetime is critical, such as ad hoc networks deployed in hazardous environments and sensor networks. We study two types of static networks, networks without any infrastructure support and networks where base stations with unlimited energy are deployed to support data forwarding. We consider two kinds of traffic models motivated by ad hoc networks and sensor networks. We derive upper and lower bounds on the energy-limited capacity of these networks. While throughput has been shown to not scale with node density in static networks by previous studies, our results show that, depending on the energy consumption characteristics of wireless communication, the energy-limited capacity can scale well under both traffic models. In addition, we show that the deployment of base stations can improve the energy-limited capacity of the network, especially for networks with sensor traffic.

I. INTRODUCTION Wireless ad hoc networks enable devices to communicate with each other without pre-installed infrastructure. These networks have a wide range of applications such as environmental sensing, battlefield support and disaster relief [13], [19]. However, the performance of wireless ad hoc networks is often limited by the broadcasting nature of the wireless medium, which results in interference when nearby nodes attempt to simultaneously transmit. In addition, since these networks often consist of devices that are powered by batteries, power management is of great importance.

Recently there has been significant effort in studying the fundamental limits in the throughput capacity of wireless ad hoc networks, defined as the total data rate (bits/second) that can be transferred between nodes, accounting for interference caused by the broadcast medium. In a seminal paper [10], Gupta and Kumar study a model of ad hoc networks with stationary nodes and show that when the number of nodes n per unit area increases, the per node throughput decreases as Θ(^{1√}_{n log n} ). This result implies that large scale ad hoc networks would not be scalable for non-local traffic patterns. Grossglauser and Tse [8] study mobile ad hoc networks and

This work was supported by the NSF Grant ITR-0313062 and AFOSR MURI Grant F49620-00-1-0327.

show that with loose delay constraints, node mobility can dramatically improve network capacity. They prove that the per node throughput can be kept constant as the number of nodes per unit area increases, assuming mobile nodes that carry packets. Recently, others have investigated the throughput capacity of hybrid networks with infrastructure support [16], [15]. There is also other work in the capacity of ad hoc networks under different models [7], [1], [18], [17], [6].

While the impact of broadcast interference on network capacity has been studied extensively in the literature, the effect of energy constraints has not received as much attention. In this paper, we study the capacity limitations resulting from the energy supplies in wireless nodes. In particular, we define the energy-limited capacity as the maximum amount of data (bits) the network can deliver before the nodes run out of energy^1. This type of capacity constraint is an important parameter in networks where operating lifetime is critical, such as ad hoc networks deployed in hazardous environments and sensor networks that are significantly battery-constrained.

We study two types of static (i.e., stationary) networks, pure ad hoc networks without any infrastructure support (which we call homogeneous networks), and hybrid networks where base stations with unlimited energy are deployed to support data forwarding. In both types of networks, we consider two traffic models, an ad hoc model intended to reflect uniform traffic patterns as might arise in ad hoc networks, and a sensor model motivated by sensor networks that collect data and then deliver to a single destination.

We derive upper and lower bounds on the energy-limited capacity for these two networks and two traffic models. In general, our lower bounds are within a factor of O(log^k n) from the corresponding upper bounds for some constant k. Based on the bounds, we can reach conclusions about the scaling behavior of wireless networks under energy constraints. In particular:

• We find that the energy-limited capacity of wireless networks can scale well under both traffic models, for certain properties of the energy consumption characteristics. This result sharply contrasts with the behavior of throughput capacity, which does not scale with increasing node density.

• The capacity of networks supporting sensor traffic is less

1Nodes may certainly be involved in application-specific activities that consume energy. However, for generality, we restrict our attention to the consumption of energy that directly results from communication.

than the capacity of networks supporting ad hoc traffic, by a factor of O( √ n log^c n) for some constant c.

• The deployment of base stations can improve the network capacity, especially with sensor traffic, where the addition of even a single base station has an immediate positive effect.

• Reducing the constant energy that is required independent of transmission distance is key to desirable scaling.

The rest of this paper is structured as follows. Section II describes the network and traffic models we use in this paper and defines the energy-limited capacity. We study the energylimited capacity of homogeneous networks with sensor traffic in Section III. Hybrid sensor networks where base stations are deployed to support data forwarding are considered in Section IV. We study the energy-limited capacity of networks with ad hoc traffic in Section V. Related work is reviewed in Section VI and the paper is concluded in Section VII.

II. NETWORK MODELS

We first describe the network models and traffic models we use in this paper. Then we define the energy-limited capacity.

A. Network Models

We consider two types of static networks, homogeneous networks and hybrid networks. In homogeneous networks, nodes rely on their own resources for communication and no infrastructure support exists. In contrast, hybrid networks consist of base stations (BSs) as well as normal nodes as in homogeneous networks. Nodes are assumed to be identical and have limited energy supplies; base stations are equipped with unlimited energy and deployed to support data forwarding for nodes. A hybrid network consists of two layers, the ad hoc layer formed by nodes, and the infrastructure or BS layer. In a homogeneous network, only the ad hoc layer exists.

In our analysis, the deployment area of the network is scaled to a unit disk. Nodes in the ad hoc layer are distributed on the unit area uniformly and independently. The number of nodes in the network is n and the initial energy of each node is a constant A.

In the infrastructure layer, m BSs are sparsely distributed in the same area as nodes. We assume that the number of base stations grows slower than the number of nodes^2, i.e., lim_{n→∞}^m_n = 0. In addition, we assume that BSs are deployed regularly in the unit disk such that the BSs divide the area into a tessellation of hexagon cells (see Fig. 1). The BSs are at the center of each cell. Without considering the boundary effects, the area of each cell is^1_m .

In the ad hoc layer, data is forwarded from the sender to the destination in a multi-hop fashion. With the support of BSs in a hybrid network, data can be transmitted in two modes: the ad hoc mode and the infrastructure mode. In the ad hoc mode, a node transmits its data to the destination in the ad hoc layer without using any base station. In the infrastructure

2In Section IV, we require m ≤ n/(200 log n) as n → ∞ in the proof of the lower bound.

Fig. 1. A hybrid network.

mode, data is forwarded via the infrastructure layer. However, nodes might still use multi-hop routing in the ad hoc layer in order to reach a BS. Thus in hybrid networks, there is an issue of how to route data via these two transmission modes.

B. Energy Model

To conserve energy, nodes may use different radio ranges in data transmission. In this paper, we consider only energy used in communication and do not account for the idle energy consumption. With efficient idle energy management schemes like [4], [23], [20], the impact of idle energy would be minimized.

Data transmission consumes energy in both the sender and the receiver. We define e_t(r) as the minimum energy required in the sender to transmit a unit of data (called bit) directly over a distance r. Similarly, e_r(r) is the minimum energy required in the receiver to receive a unit of data from a sender that is a distance r away. We define the energy cost function e(r) as

e(r) = e_t(r) + e_r(r). (1)

In this paper we assume that the energy consumption of the sender is e(r) when the transmission range used is r and no energy is consumed in the receiver. This actually reallocates the energy consumption in a routing path by “moving” the energy consumption of each hop to its sender. Since the total energy of the routing path remains the same, this simplification would not affect our results on the energy-limited capacity^3.

We consider two specific models which are often used in the literature. The first one is a linear model in which

e(r) = c_a(c_b + r^α) (2)

where c_a and c_b are constants and α ≥ 2 is the path loss component. This is the same as the form of e(r) = c^′ + c^{′′}r^α used in [11]. We adopt this form to emphasize the impact of c_b on the scaling behavior of the transport capacity, as will be clear in the following sections. The second model is

e(r) = c_ar^α. (3)

3It can be shown that, if the receiving energy e_r(r) is no more than a constant times of the transmission energy e_t(r), which is normally true in practice, this simplification does not change our results by more than a constant factor.

This actually is a special case of (2) by setting c_b to zero. We consider this separately because these two models have different scaling properties and are treated differently in the analysis.

C. Traffic Models

We consider two types of traffic models which are motivated by ad hoc networks and sensor networks. In the ad hoc traffic model, nodes can be a sender or destination and communication occurs in a one-to-one fashion. Specifically, each node chooses a random location in the area and selects the closest node to the location as its destination. In the sensor traffic model, all nodes are senders of data transmission but communicate with a common entity called the sink. We assume that the sink is at the center of the unit disk and has infinite energy. In both traffic models, we assume nodes have an infinite amount of data to send. These traffic models try to capture the traffic patterns normally present in ad hoc networks and sensor networks, which have significant impact on the energy-limited capacity of the network^4.

D. Definition of Energy-Limited Capacity

Now we define the energy-limited capacity. Since we are considering the maximum amount of data the network can deliver under node energy limits, we assume that an ideal transmission schedule is used, i.e., no collision occurs and nodes can avoid idle energy consumption. We first define the feasible transfer volume of networks.

Definition 2.1 (Feasible transfer volume): For a network consisting of n nodes, a transfer volume of λ(n) bits is feasible if each node can send λ(n) bits to its corresponding destination under energy limitation of nodes.

The definition of the feasible transfer volume requires that every node is able to transmit λ(n) bits of data. Therefore, it measures the transport capacity of the network until the first node runs out of energy. We now define the energylimited capacity which is similar to the definition of throughput capacity in [10].

Definition 2.2 (Energy-Limited Capacity): The Energy- Limited Capacity (or capacity for short^5) of networks is of order Θ(f(n)) bits if there are deterministic constants c > 0 and c^′ < +∞ such that

lim_{n→∞} Prob{λ(n) = cf(n) is feasible} = 1, and

lim_{n→∞} inf Prob{λ(n) = c^′f(n) is feasible} < 1. The definition of energy-limited capacity does not consider throughput or delay. As we will see in later sections, minimum energy consumption in general requires using shorter transmission ranges, which tends to improve throughput because of the reduced interference [10]. So achieving optimal transfer volume does not pose limitations on the achievable

4In sensor networks, data may be aggregated within the network to reduce traffic load. However, we do not consider the effect of data aggregation in this paper and leave it as a topic of future work.

5We will use the term capacity in the rest of this paper to refer to energylimited capacity unless stated otherwise.

throughput. However, it might result in larger delay because of the increased number of hops. We will study this tradeoff in future work.

III. ENERGY-LIMITED CAPACITY OF HOMOGENEOUS NETWORKS WITH SENSOR TRAFFIC

In this section, we study the energy-limited capacity of homogeneous networks with sensor traffic. In these networks, all nodes transmit data to a single node called the sink which is at the center of the unit area. We now obtain upper and lower bounds on the capacity.

A. Upper Bound on Energy-Limited Capacity

We first derive an upper bound on the energy-limited capacity which is stated in the following lemma.

Lemma 3.1: In a homogeneous network with n nodes and sensor traffic, the feasible transfer volume λ(n) is no more than

c_0

∫ 1_{√π} 1 ϕn √ n 2πAx e(x) dx (4)

with high probability where ϕ_n is a sequence that satisfies lim_{n→∞} ϕ_n → ∞ and c_0 is a constant.

Proof: We prove the upper bound of the transfer volume by bounding the total amount of data that nodes can transmit directly to the sink. We first consider how close nodes are to the sink when the network consists of n nodes. Let P (d) be the probability that there is no node within a distance d to the sink. Since nodes are distributed randomly in the unit disk, we have P (d) = (1 − πd^2)^n. Let ϕ_n be a sequence that satisfies lim_{n→∞} ϕ_n → ∞. Then we have P ( 1 ϕ_n √ n ) = ( 1 − π ϕ^2_nn

)_n

→ e^{− πϕ2}n

which approaches 1 as n → ∞. Thus with high probability, no node lies within a distance^1_{ϕn}^√_n to the sink.

Consider any node X_i. Let d_i be the distance between X_i and the sink. Due to the uniform distribution of X_i, the probability density function of d_i is P {d_i = x} = 2πx. Let T_i be the amount of data that X_i can send directly to the sink under the energy limit. The mean of T_i is

E[T_i] =

∫ 1_{√π} 1 ϕn √ n P {d_i = x} A e(x) dx =

∫ 1_{√π} 1 ϕn √ n 2πAx e(x) dx. Here we take into account the fact that X_i is not within a distance of^1_{ϕn}^√_n to the sink with high probability. By the Strong Law of Large Numbers, for a network of n nodes, we have ∑_n i=1 T_i n → E[T_i]

with probability 1 as n → ∞. In other words, the total amount of data that all nodes can send directly to the sink is no more than c_0nE[T_i] with high probability. Thus the feasible transfer volume per node λ(n) is no more than c_0E[T_i]. This completes the proof.

In this lemma, we assume that^x_{e(x)} is integrable over (0,^{1√}_π ). This does not pose much limitation since most energy cost functions in practice fall into this category. We now obtain upper bounds on the feasible transfer volume for the two specific cases.

Lemma 3.2: In a homogeneous network with sensor traffic, if the energy cost function is e(r) = c_ar^α, the feasible transfer volume λ(n) satisfies

λ(n) ≤

{_{c1A}

c_a log(ϕ 2 nn) if α = 2;

c_2A c_a(α−2) ϕ α−2 n n^{α2 −1} if α > 2 (5) with high probability.

Lemma 3.3: In a homogeneous network with sensor traffic, if the energy cost function is e(r) = c_a(c_b + r^α), the feasible transfer volume λ(n) satisfies

λ(n) ≤

c_3A 2c_a ( ln(c_b +^1_π ) − ln(c_b +^1_{ϕ2nn} ) ) if α = 2;

c_3A c_a

∫^1√_{π1} ϕn √ n x dx c_b+x^α if α > 2 (6) with high probability.

In the case of e(r) = c_a(c_b + r^α), it is easy to prove λ(n) = O(1). This is because for any transmission, the minimum energy required is c_ac_b. Given energy supply A, each node can transmit no more than^A_{cacb} units of data. Therefore, the capacity of these networks is O(1). However, this does not rule out the possibility that the feasible transfer volume can increase with the node density. To understand how λ(n) evolves with n, we explicitly condition the feasible transfer volume λ(n) on n in Lemma 3.3, which holds as long as n is large.

B. Lower Bound on Energy-Limited Capacity

In this section, we provide a lower bound on the energylimited capacity. Our proof constructs a spatial tessellation and a transmission strategy that achieves the lower bound. In our proof, data transmissions use the same transmission range.

We first describe the spatial tessellation used in the proof. Let r_n be the data transmission range and define w_n = r_n/8. We set r_n to be at least c_4

√_{log n} πn where c_4 is a constant. c_4 is set to be 160 which will be clear in the proof of Lemma 3.4. So the network is connected with high probability according to [9]. We partition the unit disk into regions using circles centered at the sink with radii iw_n for 1 ≤ i ≤^1_{wn}^√_π . Let B_i be the region between circles with radii iw_n and (i + 1)w_n. For each i, we further divide region B_i evenly into 6i smaller cells (see Fig. 2). So the angle subtended by a cell at the sink is^π_{3i} and the area of a cell is Θ(w^2_n). Intuitively, nodes are distributed evenly in the unit disk due to the uniform distribution of nodes, i.e., every cell contains Θ(nw^2_n) nodes. By using similar techniques as in [10], we prove this claim in the following lemma. The proof is omitted here due to space limits and can be found in [24].

Lemma 3.4: Every cell contains Θ(nw^2_n) nodes with high probability.

Fig. 2. Spatial tessellation in homogeneous networks with sensor traffic.

Given the spatial tessellation, data is forwarded geographically from the sender towards the sink. More precisely, consider any node X. Let L be the line segment connecting X and the sink. Data from X is forwarded along the sequence of cells intersecting L until reaching the sink. Since the transmission range r_n equals to 8w_n and each cell can be contained in a disk of radius 2w_n, a node in any cell can transmit directly to nodes in adjacent cells. In addition, each cell contains Θ(nw^2_n) nodes. Therefore, for any node, a routing path along the sequence of cells described above exists with high probability.

Now we study the transfer volume achieved using this routing strategy. For a transfer volume of λ(n), each cell must be able to forward the offered traffic load with high probability. Consider a cell V in region B_i. If data from a node, say X, is forwarded by cell V , the line segment connecting X and the sink must intersect V . So X must lie within the sector subtended by V at the sink and outside cell V , i.e., in a region B_j , j > i (see Fig. 2). Noting that the angle of the sector is π 3i , the total number of nodes whose traffic is handled by V , including nodes in V itself, is no more than^{c5(1−πi2w2n)n}_i with high probability. So for a transfer volume of λ(n), the amount of traffic that cell V needs to transmit is no more than

c_5(1−πi^2w^2_n)nλ(n) i . Since nodes in a cell can transmit to any node in adjacent cells, nodes within a cell are exchangeable in forwarding traffic. Given that there are Θ(nw^2_n) nodes in V and the transmission range is r_n, the total amount of traffic that cell V can transmit is Θ(^{nw2nA}_{e(rn)} ). Thus, for a transfer volume of λ(n) to be feasible, we have

c_5(1 − πi^2w^2_n)nλ(n) i ≤ c_6nw^2_nA e(r_n) (7) for all 1 ≤ i ≤^1_{wn}^√_π . In addition, nodes in the region that is within the circle of radius r_n need to transmit all traffic. So we have nλ(n) ≤ c_6nw^2_nA e(r_n)

. (8)

Note that if λ(n) satisfies (8), the minimum of λ(n)/c_5 and λ(n) would satisfy both (8) and (7) for all i. That means either λ(n)/c_5 or λ(n) is feasible. So combining with w_n = r_n/8, we prove that

λ(n) = c_7r^2_nA e(r_n) is feasible for some constant c_7. To maximize λ(n), we should choose the transmission range r_n such that^{r2nA}_{e(rn)} is maximized.

Taking into account the fact that r_n ≥ c_4

√_{log n}

πn , we have the following result.

Lemma 3.5: In a homogeneous network with sensor traffic, a transfer volume of

λ(n) = max{ c_7x^2A e(x)

: c_4 √ log n πn ≤ x ≤ 1 √ π } is feasible with high probability.

Using the above lemma, we obtain lower bounds of λ(n) for the specific cases of energy cost functions.

Lemma 3.6: In a homogeneous network with sensor traffic, if the energy cost function is e(r) = c_ar^α, a transfer volume of λ(n) = { Ω(1) if α = 2; Ω((^n_{log n} )^{α2 −1}) if α > 2

is feasible with high probability.

Proof: Let f(x) =^{x2A}_{e(x)} . When α = 2, f(x) is a constant independent of x. So by Lemma 3.5, we have λ(n) = Ω(1). When α > 2, f(x) is a decreasing function of x. So we have λ(n) = Ω((^n_{log n} )^{α2 −1}).

Lemma 3.7: In a homogeneous network with sensor traffic, if the energy cost function is e(r) = c_a(c_b + r^α), the feasible transfer volume is Ω(1) when α = 2. If α > 2, a transfer volume of

λ(n) =

c_8A c_a f((

2c_b

α−2 )^{1α} ) if c_4

√_{log n} πn ≤ (^{2cb}_{α−2} )^{1α} ;

c_8A c_a f(c4

√_{log n}

πn ) if c_4

√_{log n} πn > (^{2cb}_{α−2} )^{1α}

is feasible with high probability where f(x) =^{x2}_{cb+xα} .

Proof: When α = 2, f(x) is an increasing function of x. So by Lemma 3.5, we have λ(n) = Ω(1).

We now consider the case of α > 2. In this case, f(x) is maximized when x^∗ = (^{2cb}_{α−2} )^{1α} . That is, the transfer volume is maximized when using the optimal radio range x^∗. However, for a given n, the minimum transmission range used is x^′ = c_4

√_{log n} πn . Thus when x^′ is larger than the optimal range x^∗, nodes can not use range x^∗. In this case, the feasible transfer volume is^{c8A}_{ca} f(x^′). When n is large enough such that x^′ ≤ x^∗, the maximum transfer volume is achieved which is

c_8A c_a f(x

∗) by using the optimal range x^∗. This completes the proof.

C. Scaling Properties

In this section, we discuss the scaling properties of the energy-limited capacity in homogeneous networks with sensor traffic. We focus on the class of networks where the energy cost function is e(r) = c_ar^α or e(r) = c_a(c_b + r^α). As we can see from previous results, the achievable lower bounds are within a factor of O(log^k n) from the corresponding upper bounds for some constant k. Thus we present only the results for the upper bounds here.

Based on our results, we classify these networks into two categories, depending on the scaling properties of the capacity.

In the first category, the capacity of the network increases infinitely with the density of the network. These networks are said to have infinite scaling regions and include networks with e(r) = c_ar^α. For these networks, minimum energy consumption is achieved by transmitting data using the shortest range possible, even at the cost of forwarding data in more hops. Thus the capacity benefits from the increase of node density.

In the second category, the capacity of the network can only increase finitely. These networks are said to have finite scaling regions and include networks with e(r) = c_a(c_b + r^α). The capacity of these networks is O(1). However, this does not rule out the possibility that the feasible transfer volume can increase with node density. Intuitively, for these networks, there is an optimal transmission range which achieves minimum energy consumption. On the other hand, to ensure network connectivity, the transmission range must be large enough. So the transfer volume increases with the node density n when n is small, and saturates when n is large such that nodes can use the optimal transmission range while maintaining network connectivity.

As we can see in the next section, the scaling behavior of networks with e(r) = c_a(c_b + r^α) is similar to that of e(r) = c_ar^α, but in a finite region. Thus we can apply the results for the case of e(r) = c_ar^α, which is self-explained, to help understand the behavior of networks with e(r) = c_a(c_b + r^α).

D. Numerical Results

We now study in more detail the scaling properties of networks with e(r) = c_a(c_b + r^α) via numerical results. Specifically, we would like to answer the following questions.

1) What is the upper bound of energy-limited capacity?

How does it relate to the parameters c_a, c_b and α? 2) How does the transfer volume evolve with the node density? In other words, what is the scaling region in which the capacity improves as the node density increases?

Our analytic results shows that the feasible transfer volume is inversely proportional to c_a. To quantify the effects of c_b and α, we provide numerical results of λ(n) using Lemma 3.3. We choose ϕ_n = ln n and set all constants in Lemma 3.3 to 1. The real upper bounds should be scaled by a constant factor. However, this does not affect the scaling behavior.

Fig. 3 shows the optimal transfer volume, i.e., λ(n) when n is infinity, with different c_b and α. We can see that the feasible transfer volume increases as c_b decreases. This result suggests that reducing the constant energy consumption can lead to significant capacity improvement. Fig. 3 also shows that λ(n) increases with α when c_b is small.

Fig. 4 shows how the transfer volume λ(n) grows with the node density when α is 3. As the node density increases, λ(n) also increases until saturating at the maximum value. We can see that with a smaller c_b, λ(n) increases over a larger region of node density. Fig. 4 also shows that the scaling behavior of e(r) = c_a(c_b + r^α) is similar to that of e(r) = c_ar^α (the line with label “c_b = 0” in the figure) before λ(n) reaches the

Fig. 3. Effects of parameters c_b and α on the transfer volume in homogeneous networks with sensor traffic.

Fig. 4. Transfer volume vs. number of nodes in homogeneous networks with sensor traffic.

maximum capacity. We observe similar results with different values of α.

In summary, while the upper bound is O(1) when e(r) = c_a(c_b + r^α), the energy-limited capacity can scale with the node density, although within a finite region. In addition, reducing the constant energy both improves the network capacity and increases the scaling region.

IV. ENERGY-LIMITED CAPACITY OF HYBRID NETWORKS

WITH SENSOR TRAFFIC

In this section, we consider the energy-limited capacity in hybrid networks where base stations (BSs) with unlimited energy are deployed to support data forwarding. We study the capacity gain obtained with the deployment of base stations. Since the base stations have unlimited energy, the capacity limitation lies in the nodes due to their energy constraints. Intuitively, by transmitting data via the BSs, the traffic load on the nodes is reduced, resulting in better energy-limited capacity. On the other hand, the use of the BSs may cause hot spots and overload nodes near the BSs, leading to supoptimal transfer volume. Thus it is important to balance these two factors and make efficient use of the BSs.

In hybrid networks, data can be forwarded in the ad hoc mode where the BSs are not involved in data forwarding, or in the infrastructure mode. Node energy is shared by these two transmission modes. In this paper, we consider an energy allocation strategy where each node uses p fraction of its energy for the ad hoc mode and the remaining (1−p) fraction for the infrastructure mode, 0 ≤ p ≤ 1. In the infrastructure mode, nodes should transmit data to the closest BS, i.e., the BS in the same cell as the node, in order to conserve energy. In addition, data should enter and exit the BS layer once. Thus, routing in the infrastructure mode consists of three phases, from the sender to the closest BS, forwarding within the BS layer, and from the BS in the destination’s cell to the destination. Node energy is only consumed in the first phase, i.e., forwarding data from the sender to the BS, possibly in multiple hops.

Let λ_a(n) be the transfer volume of a network when all energy is used for the ad hoc mode. Similarly, define λ_i(n, m) as the transfer volume if all energy is used for the infrastructure mode. Because the transfer volume is proportional to node energy, given any energy allocation with parameter p, the total transfer volume is

Λ(n, m) = pλ_a(n) + (1 − p)λ_i(n, m). (9)

Note that energy consumption in the ad hoc or infrastructure mode is isolated. So we can obtain an upper (lower) bound for Λ(n, m) by summing up the upper (lower) bounds of λ_a(n) and λ_i(n, m).

A. Area Scaling

We first determine the transfer volume in both transmission modes, namely λ_a(n) and λ_i(n, m). In the ad hoc mode, nodes forward data without using any base station. We can obtain λ_a(n) by applying the results of homogeneous networks in previous sections. In the infrastructure mode, all nodes in a cell transmit data to the BS within the cell. To compute λ_i(n, m), we extend the analysis developed for homogeneous networks with sensor traffic in Section III. The difference is that λ_i(n, m) considers only nodes within a cell, instead of the unit area in previous analysis.

For the upper bound of λ_i(n, m), it is sufficient to consider a single cell. This is because, by definition, a transfer volume of λ_i(n, m) requires every node to be able to transmit that amount of data to its destination. Let V be any cell. Because the BSs are placed regularly, the area of V is^1_m . Since nodes are randomly distributed, the probability that a node is in V is^1_m . By the Strong Law of Large Numbers, the number of nodes in V is^n_m with probability 1 as n → ∞. To determine λ_i(n, m), we adapt the proof in Lemma 3.1 to account for the fact that nodes are within a cell^6. Specifically, the claim that no node lies within a distance of^1_{ϕn}^√_n to the BS with high probability remains true. The probability density function of a node’s distance to the BS becomes P {d_i = x} = 2πmx by conditioning on the fact that the node is within the cell. So

6We approximate a hexagon cell as a disk of the same area to apply the analysis in Section III. We argue that this would not impact our results. Specifically, if the energy cost function e(r) satisfies e(c^′r) ≤ c^{′′}e(r) for some constants c^′, c^{′′} and 0 ≤ r ≤ 1/ √ π, which is the case in practice, it can be shown that the results obtained by approximation differ only by a constant factor.

the upper bound λ^u_i (n) of the feasible transfer volume is

λ^u_i (n, m) = c_9m

∫ 1_{√mπ} 1 ϕn √ n 2πAx e(x) dx. (10)

For the lower bound of λ_i(n, m), we need to prove that nodes in every cell can transmit enough data to the sink. To bound the number of nodes in each cell, we assume that m ≤ n 200 log n . So the area of each cell is at least

200 log n

n . Using the same techniques as in Lemma 3.4, the number of nodes in every cell can be shown to be Θ(^n_m ). So to ensure connectivity among node within a cell, the transmission range r_n must be at least of order

√_{log(n/m)} πn . Following the same arguments in the proof of Lemma 3.5, we can prove a lower bound λ^l_i(n, m) of the feasible transfer volume below.

λ^l_i(n, m) = max{ c_{10}mx^2A e(x)

: c_{11} √ log(n/m) πn ≤ x ≤ 1 √ mπ }. (11)

B. Upper Bound on Energy-Limited Capacity

We now study the capacity of hybrid networks with sensor traffic. For this class of networks, transmissions in the ad hoc mode and the infrastructure mode are the same except at different scales, i.e., in the unit disk or in a cell. In the following we present the upper bounds on the energy-limited capacity. We obtain the lower bounds using similar techniques, which we omit here due to space limits. In general, the achievable lower bounds are within a factor of O(log^k n) from the corresponding upper bounds for some constant k.

Given the energy allocation parameter p, we can obtain the total transfer volume by combining λ_a(n) and λ_i(n, m). We now derive upper bounds for the specific cases of energy cost functions.

Case 1. e(r) = c_ar^α.

Noting that lim_{n→∞}^m_n = 0, we derive λ^u_i (n, m) from (10).

λ^u_i (n, m) = { O(m log n) if α = 2;

O(mn^{α2 −1}ϕ^{α−2}_n ) if α > 2. (12)

When α > 2, the infrastructure mode transfer volume λ^u_i (n, m) is O(mn^{α2 −1}ϕ^{α−2}_n ) by (12). And the ad hoc mode transfer volume λ_a(n) is O(n^{α2 −1}ϕ^{α−2}_n ). λ^u_i (n, m) dominates the total transfer volume. So Λ(n, m) is maximized if p → 0, i.e., traffic should be forwarded via the BSs. In this case, the transfer volume scales with the number of BSs. Similarly, when α = 2, the total capacity is O(m log n) as compared to the O(log n) capacity in networks without BSs. So the capacity increases as m increases.

In both cases, the deployment of BSs in networks with sensor traffic has immediate improvement on the network capacity. The capacity gain scales linearly with the number of BSs. This suggests that BS deployment in sensor networks is a promising approach to improve capacity.

Case 2. e(r) = c_a(c_b + r^α).

Fig. 5. Normalized λ_i(n, m) vs. number of base stations in hybrid networks with sensor traffic.

We first determine λ^u_i (n, m) by (10).

λ^u_i (n, m) =

c_{12}mA 2c_a ln c_b+^1_{mπ} c_b+^1_{ϕ2nn} if α = 2;

c_{12}mA c_a

∫^1√_{mπ1} ϕn √ n x dx c_b+x^α if α > 2.

(13)

It is easy to see that λ^u_i (n, m) is O(1) regardless of α and m. This is because for any transmission, the minimum energy required is c_ac_b. Given energy supply A, each node can transmit no more than^A_{cacb} units of data. Therefore, this class of networks has finite scaling regions.

We now study the scaling properties of networks with e(r) = c_a(c_b + r^α) by numerical results. In the calculation, we set all constants to 1. Fig. 5 shows how the infrastructure mode capacity grows with the number of BSs when n is ∞. We normalize λ^u_i (n, m) to the ad hoc mode transfer volume λ_a(n). We can see that the normalized λ^u_i (n, m) is always greater than 1, suggesting that λ^u_i (n, m) always dominates the total transfer volume. λ^u_i (n, m) increases with the number of BSs until it saturates. In addition, the maximum normalized λ^u_i (n, m) increases with smaller c_b and smaller α. So the capacity gain is more significant when c_b and α is small.

Fig. 6 shows how the total transfer volume grows with the number of nodes when c_b is 10^{−5}. We compare Λ(n, m) when the number of BSs m is 0, ln n, √ n and^n_{ln n} . Specifically, we calculate λ_a(n) using (6) and λ_i(n, m) using (13), and set Λ(n, m) as the larger of these two. We can see that these networks have finite scaling regions, i.e., the transfer volume saturates when n is large enough. Fig. 6 also confirms that the total transfer volume increases with the number of BSs, even the number of BSs is relatively small, e.g., ln n.

V. ENERGY-LIMITED CAPACITY OF NETWORKS WITH AD HOC TRAFFIC

In this section, we briefly present the energy-limited capacity of networks with ad hoc traffic. In these networks, nodes communicate with randomly chosen nodes, instead of a common sink. We will present the upper bounds of the energylimited capacity. We also obtain the lower bounds which are within a factor of O(log^k n) from the corresponding upper bounds. Please refer to [24] for more details.

Fig. 6. Transfer volume Λ(n, m) vs. number of nodes in hybrid networks with sensor traffic.

A. Homogeneous Networks

For homogeneous networks, we extend the techniques used in [17] to obtain the upper bound on the energy-limited capacity. The work in [17] studies the throughput capacity of networks where bandwidth is infinite but the maximum transmit power of each node is limited. Under these assumptions, the authors show that the interference is negligible, which renders the transmit power of nodes as the main constraint. This is similar to our analysis of energy-limited capacity where the transfer volume is limited by node energy supplies. We obtain the following results for the specific cases of energy cost functions.

Lemma 5.1: In a homogeneous network with ad hoc traffic, if the energy cost function is e(r) = c_ar^α, the feasible transfer volume λ(n) satisfies

λ(n) = O( A c_a

(n log n)^{α−12} ) (14)

with high probability.

Lemma 5.2: In a homogeneous network with ad hoc traffic, if the energy cost function is e(r) = c_a(c_b + r^α), the feasible transfer volume λ(n) satisfies

λ(n) ≤

{_{c13A}

c_af(k^∗) if √ n log n ≥^{k∗}_{c14} ;

c_{13}A c_af(c_{14} √ n log n) if √ n log n <^{k∗}_{c14}

(15)

where k^∗ = (^{α−1}_{cb} )^{1α} and f(x) = c_bx +^1_{xα−1} for some constants c_{13} and c_{14}.

We can see that the energy-limited capacity can scale well in homogeneous networks with ad hoc traffic. For example, when e(r) = c_ar^α, the transfer volume scales as O((n log n)^{α−12} ). When e(r) = c_a(c_b + r^α), the transfer volume scales with the number of nodes, but within a finite region, which parallels the results for networks with sensor traffic. Comparing networks with ad hoc and sensor traffic, we can see that the capacity of networks supporting sensor traffic is less than the capacity of networks supporting ad hoc traffic, by a factor of O( √ n log^c n). This capacity penalty is due to the effect of traffic aggregation near the sink in networks with sensor traffic.

Now we provide some numerical results for the case where e(r) = c_a(c_b + r^α). We set all constants to 1. Fig. 7 depicts

Fig. 7. Effect of parameter c_b on transfer volume in homogeneous networks with ad hoc traffic.

Fig. 8. Transfer volume vs. number of nodes in homogeneous networks with ad hoc traffic.

how the transfer volume λ(n) changes with c_b. We can see that λ(n) increases as c_b decreases. So reducing the constant energy consumption can increase the capacity of the network. In addition, λ(n) increases with α. This behavior is similar to that of networks with sensor traffic.

Fig. 8 shows how the transfer volume λ(n) grows with the node density when α = 3. We can see that λ(n) can increases with node density, as in networks with sensor traffic. In addition, with a smaller c_b, the transfer volume increases over a larger region of node density. Fig. 8 also shows that the scaling behavior for the case of e(r) = c_a(c_b + r^α) is similar to that of e(r) = c_ar^α, which scales as O(n log n), before λ(n) reaches the maximum transfer volume.

In summary, while the upper bound is O(1) when e(r) = c_a(c_b + r^α), the energy-limited capacity can scale with the node density, although within a finite region. In addition, reducing the constant energy both improves the network capacity and increases the scaling region.

B. Hybrid Networks

We now study hybrid networks with ad hoc traffic. In these networks, base stations with unlimited energy are deployed to help data forwarding and data can be routed via the ad hoc mode or the infrastructure mode. As in Section IV, we obtain the total transfer volume by combining the transfer volume contributed by the ad hoc and infrastructure modes. In the following, we focus on the specific cases of energy cost functions.

Case 1. e(r) = c_ar^α.

When α > 2, by (14) and (12), the total transfer volume is

Λ(n, m) = pO((n log n)^{α−12} ) + (1 − p)O(mn^{α2 −1}ϕ^{α−2}_n ).

If m = o( √ n(log n)^{α−12} ), the ad hoc mode transfer volume λ_a(n) dominates Λ(n, m). So Λ(n, m) is maximized if p → 1. In other words, traffic should be forwarded using the ad hoc mode. Therefore, there is no significant performance gain when m is small, i.e., m = o( √ n(log n)^{α−12} ). If m = ω( √ n(log n)^{α−12} ), the infrastructure mode transfer volume will be the dominating term in Λ(n, m). So Λ(n, m) is maximized if p → 0, i.e., traffic should be routed via the BS layer. In this case, the transfer volume increases linearly with m.

Similarly, when α = 2, we have

Λ(n, m) = pO( √ n log n) + (1 − p)O(m log n).

So the total transfer volume is O( √ n log n) if m = o(

√_n

log n )

and O(m log n) if m = ω(

√_n

log n ).

In summary, when the energy cost function is e(r) = c_ar^α, the capacity gain due to the deployment of BSs is bimodal. Specifically, when the number of BSs grows asymptotically slower than some threshold which is of the order √ n log^k n for some constant k, the total capacity is dominated by the ad hoc mode capacity. Thus the improvement due to the deployment of BSs is insignificant. When the number of BSs grows faster than that threshold, the total capacity is dominated by the infrastructure mode capacity which increases linearly with the number of BSs. This suggests that to achieve non-negligible capacity gain, the number of BSs deployed should be large enough.

Case 2. e(r) = c_a(c_b + r^α).

Similarly, we can obtain the total transfer volume by combining the transfer volume contributed by the ad hoc and infrastructure modes using (15) and (13).

VI. RELATED WORK In this section, we review some related work in throughput capacity and energy conservation. Previous work on throughput capacity studies the performance limits caused by the interference. In this paper, we focus on the capacity limitations resulting from the energy supplies in nodes. So our work complements previous research on throughput capacity.

In [10], Gupta and Kumar study the throughput capacity of static random networks. They show that the per node throughput decreases as Θ(^{1√}_{n log n} ) as the number of nodes n increases. This implies that large scale wireless networks may have performance problems for non-local traffic patterns. To address this performance limitation, different approaches have been proposed. Grossglauser and Tse [8] show that node mobility can dramatically improve network capacity and achieve O(1) throughput under loose delay constraints. The work in [15] and [16] considers hybrid networks where base stations connected with high-bandwidth wired networks are deployed to support data forwarding in the wireless network. The results in [16] show that the performance gain due to BS deployment is bimodal, which is similar to our results in energy-limited capacity.

There is also work in the capacity of sensor networks. In [6], Duarte-Melo and Liu study the throughput capacity of sensor networks and present the conditions under which the trivial upper bound^1_n can not be achieved.

In [17], Negi and Rajeswaran study the throughput capacity in networks where each node is constrained to a maximum transmit power but can utilize unlimited bandwidth. Under these assumptions, the interference is negligible, which renders the transmit power of nodes as the main constraint. The authors show that throughput capacity scales well under this setting. This is similar to our analysis of energy-limited capacity. In this paper, we use the method in [17] in our analysis. There is also other work in the capacity of wireless networks [22], [14], [12], [7].

In wireless environments, nodes are often equipped with limited energy. Thus energy management is important. The work in [21] and [3] considers energy-conserving routing in ad hoc networks. To achieve optimal performance, it is also important to reduce idle energy consumption which is shown to dominate the overall energy consumption if nodes are idle most of the time. The work in [4] and [23] considers sensor networks and exploits the redundancy in nodes to minimize idle energy while maintaining network connectivity. The work in [20] proposes a scheme to further reduce idle energy consumption by aggressively putting nodes into sleep mode, thus trading off latency for energy saving. There is also work on the network lifetime of sensor networks. In [2], Bhardwaj and Chandrakasan derive upper bounds on the lifetime of sensor networks that transmit data from a point, a line or an area source. In [5], the authors examine the energy consumption and lifetime of hybrid sensor networks based on a clustering mechanism and study the optimal number of clusters used. While the above studies consider energy consumption and network lifetime in sensor network, our work is significantly different. We focus on the scaling properties of the energy-limited capacity, which is important in large scale networks, and formally derive upper and lower bounds on the capacity. In addition we analyze the capacity in both homogeneous and hybrid networks, with ad hoc and sensor traffic models.

VII. CONCLUSION In this paper, we studied the energy-limited capacity in wireless networks. We derived upper and lower bounds for homogeneous and hybrid networks, under both ad hoc and sensor traffic models. We showed that the energy-limited capacity can scale well in all these environments. This implies that large scale wireless networks can be scalable in terms of energy consumption, despite the decrease of throughput capacity. Table I summarizes the results for networks with energy cost function e(r) = c_ar^α. The scaling behavior of networks with energy cost function e(r) = c_a(c_b + r^α) is

α Capacity Homogeneous network Hybrid network Homogeneous network Hybrid network Bound with ad hoc traffic with ad hoc traffic with sensor traffic with sensor traffic

α = 2 Upper O( √ n log n) O( √ n log n) if m = o(

√_n

log n )

O(m log n) if m = ω(

√_n

log n )

O(log n) O(m log n)

Lower Ω(

√_n

log n ) Ω( √_n

log n ) if m = o(

√_n

log n )

Ω(m) if m = ω(

√_n

log n )

Ω(1) Ω(m)

α > 2 Upper O((n log n)^{α−1}2 ) O((n log n) α−1 2 ) if m = o( √ n(log n)^{α−1}2 )

O(mn^α2^{−1}ϕ^{α−2}_n ) if m = ω( √ n(log n)^{α−1}2 )

O(ϕ^{α−2}_n n^α2^{−1}) O(mn^α2^{−1}ϕ^{α−2}_n )

Lower Ω((^n_{log n} )^{α−1}2 )

Ω((^n_{log n} )^{α−1}2 ) if m = o(

√_n

log n )

Ω(m(^n_{log n} )^α2^{−1}) if m = ω(

√_n

log n )

Ω((^n_{log n} )^α2^{−1}) Ω(m(^n_{log n} )^α2^{−1})

TABLE I ENERGY-LIMITED CAPACITY OF NETWORKS WITH e(r) = c_ar^α. ϕ_n IS A SEQUENCE THAT SATISFIES lim_{n→∞} ϕ_n → ∞.

similar, but within a finite region. We found that reducing c_b can both improve the capacity and increase the scaling region. Thus reducing the constant energy consumption is key to desirable scaling. In addition, the capacity of networks supporting sensor traffic is less than the capacity of networks supporting ad hoc traffic, by a factor of O( √ n log^c n) for some constant c. This is because of the effects of traffic concentration at the sink.

We also analyzed the capacity gain due to the deployment of base stations in hybrid networks. For ad hoc traffic, we showed that the capacity gain is bimodal. Specifically, when e(r) = c_ar^α, to achieve non-negligible capacity gain, the number of base stations needs to grow faster than √ n log^k n. So a minimum investment in base stations is required to improve capacity in this case. This parallels the result in throughput capacity [16]. For sensor traffic, however, the deployment of base stations has immediate improvement on the network capacity. This suggests that hybrid deployment would be a promising approach to extend the lifetime of sensor networks.

In this paper, we obtained lower bounds that are a factor of O(log^k n) from the corresponding upper bounds. This indicates effective scaling of the capacity is achievable. In the future, we would like to extend this study to consider other kinds of energy consumption in the network. For example, it would be interesting to investigate the impact of idle energy consumption and energy conservation schemes on the network capacity. In addition, we would like to design decentralized routing algorithms to achieve the energy-limited capacity.

REFERENCES

[1] Nikhil Bansal and Zhen Liu. Capacity, delay and mobility in wireless ad-hoc networks. In IEEE INFOCOM’2003, April 2003.

[2] M. Bhardwaj, A. Chandrakasan, and T. Garnett. Upper bounds on the lifetime of sensor networks. In IEEE International Conference on Communications, pages 785 – 790, 2001.

[3] J. Chang and L. Tassiulas. Energy conserving routing in wireless ad-hoc networks. In IEEE Infocom, Tel-Aviv, Israel, 2000.

[4] Benjie Chen, Kyle Jamieson, Hari Balakrishnan, and Robert Morris.

Span: An energy-efficient coordination algorithm for topology maintenance in ad hoc wireless networks. In ACM Mobicom, Rome, Italy, July 2001.

[5] E. Duarte-Melo and M. Liu. Analysis of energy consumption and lifetime of heterogeneous wireless sensor networks. In IEEE Globecom, Taipei, Taiwan, November 2002.

[6] Enrique J. Duarte-Melo and Mingyan Liu. Data-gathering wireless sensor networks: Organization and capacity. Univ. of Michigan, Ann Arbor, Tech. Rep., 2002.

[7] Abbas El Gamal, James Mammen, Balaji Prabhakar, and Devavrat Shah.

Throughput-delay trade-off in wireless networks. In IEEE INFOCOM 2004, Hongkong, China, March 2004.

[8] M. Grossglauser and D. Tse. Mobility increases the capacity of ad-hoc wireless networks. In IEEE INFOCOM 2001, April 2001.

[9] P. Gupta and P. Kumar. Critical power for asymptotic connectivity in wireless networks. In Stochastic Analysis, Control, Optimization and Applications: A Volume in Honor of W.H. Fleming, W.M. McEneaney, G. Yin, and Q. Zhang (Eds.) Birkhauser, Boston, 1998.

[10] Piyush Gupta and P. R. Kumar. The capacity of wireless networks. IEEE Transactions on Information Theory, 46:388–404, March 2000.

[11] Wendi Heinzelman, Anantha Chandrakasan, and Hari Balakrishnan.

Energy-efficient communication protocol for wireless microsensor networks. In 33rd Hawaii International Conference on System Sciences, Maui, Hawaii, Jan 2000.

[12] Kamal Jain, Jitendra Padhye, Venkata N. Padmanabhan, and Lili Qiu.

Impact of interference on multi-hop wireless network performance. In ACM Mobicom, San Diego, CA, September 2003.

[13] D. Johnson and D. Maltz. Dynamic source routing in ad-hoc wireless networks. In ACM SIGCOMM, August 1996.

[14] Murali Kodialam and Thyaga Nandagopal. Characterizing achievable rates in multi-hop wireless networks: the joint routing and scheduling problem. In ACM Mobicom, San Diego, CA, September 2003.

[15] Ulas Kozat and Leandros Tassiulas. Throughput capacity of random ad hoc networks with infrastructure support. In ACM MOBICOM, Sept. 2003.

[16] Benyuan Liu, Zhen Liu, and Don Towsley. On the capacity of hybrid wireless networks. In IEEE INFOCOM’2003, April 2003.

[17] Rohit Negi and Arjunan Rajeswaran. Capacity of power constrained ad-hoc networks. In IEEE Infocom, Hong Kong, China, March 2004.

[18] Eugene Perevalov and Rick Blum. Delay limited capacity of ad hoc networks: Asymptotically optimal transmission and relaying strategy. In IEEE INFOCOM’2003, April 2003.

[19] C. Perkins and P. Bhagwat. Highly dynamic destination-sequenced distance-vector routing (DSDV) for mobile computers. Computer Communication Review, 24, October 1994.

[20] Curt Schurgers, Vlasios Tsiatsis, Saurabh Ganeriwal, and Mani B.

Srivastava. Topology management for sensor networks: Exploiting latency and density. In MobiHoc’02, Lausanne, CH, June 2002.

[21] Suresh Singh, Mike Woo, and C. S. Raghavendra. Power-aware routing in mobile ad hoc networks. In Mobicom, Dallas, Texas, 1998.

[22] S. Toumpis and A. J. Goldsmith. Capacity regions for wireless ad hoc networks. IEEE Transactions Wireless Communications, 2:736–748, July 2003.

[23] Ya Xu, John Heidemann, and Deborah Estrin. Geography-informed energy conservation for ad hoc routing. In ACM Mobicom, Rome, Italy, July 2001.

[24] Wenrui Zhao, Mostafa Ammar, and Ellen Zegura. The energy-limited capacity of wireless networks. Georgia Inst. of Tech., Tech. Rep., 2004.