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From Equation 6.4—12 we infer that
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From Equation 6.4—13 we infer that, using the result from Equation 6.4-12,
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LINEAR ESTIMATION OF VECTOR PARAMETERS

i
]

kg

1l
) I"
i (k3

A great many measurement problems in the real world are described by the

following model b
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where y(¢) is the observation or measurement, T is the integration set, 6(7) 1s the
unknown parameter function, and A(t, 7) is a function that is characteristic of the

system and links the parameter function to the measurement but is itself indepen-
dent of 6(7), and n(?) is the inevitable error in the measurement due to noise. For
computational purposes Equation 6.5-1 must be reduced to its discrete form L

Y = HO + N, (6.5-2)
where Y is an n X 1 vector of observations, H is an n X k matrix (n > k), 0is a
k X 1 parameter vector, and N is an n X | random vector whose components N,
i = 1, ..., n are the errors or noise associated with the ith observation Y;. We
shall assume without loss of generality that E[N] = 0.7
Equation 6.5-2 is known as the linear model. We now ask the following
question: How do we extract a ‘‘good’’ estimate of @ from the observed values of
Y if we restrict our estimator O be a linear function of Y? By a linear function we
mean

i

® = BY. (6.5-3)

where B, which does not depend on Y, is to be determined. The problem posed
here is of great practical significance. It is one of the most fundamental problemsS
in parameter estimation theory and covered in great detail in numerous books, for
example, Kendall and Stuart [6-2] and Lewis and Odell [6-7]. It also i1s an imme-

T The symbol 0 here stands for the zero vector, that is, the vector whose components are all
Zero.

4 (6.4-14)

6.4-15) 8

diate application of the probability theory of random vectors and is f
book

for understanding numerous topics in the second half of this
Chapter 11.

Before computing the matrix B in Equation 6.5-3 for various cas

first develop some results from matrix calculus.

of the vector x = (x,, . x,)1. Then
dq(x) a ( aq 9q )T
dx 0x,’ " 0x,,

Thus the derivative of g(x) with respect to x is a column vector whose

nent is the partial derivative of q(x) with respect to x;.

Derivative_of quadratic forms. Let A be areal-symmetric n X 5n ms
X be an arbitrary n-vector. Then the derivative of the quadratic form

g(x) = xTAx
with respect to x is
d
Z(x) = 2AX.
X

The proof of Equation 6.5-5 is obtained by writing

q(x) = >, > xiayx,

=1 j=1

/1 /1

H
=y ‘

(]
Hence
dq(x)
= 2x.d, v
3% KAk T 2;{ a1 X ;
— 2 2 A X
=]
or

dq(x)

T 2AX.




Derivative of scalar products.t Let a and x be two n-vectors. Then with y =
a’x, we obtain

% = a. (6.5=7)
Let x, y, and A be two n-vectors and an n X n matrix respectively. Then with g =
y/Ax,
9 _ ATy, (6.5-8)
0X
We return now to Equation 6.5-2:
Y =HO6 + N
and assume that (recall E[N] = 0)
K = E[NN’] = ¢ (6.5-9)

where I is the identity matrix. Equation 6.5-9 is equivalent to stating that the
measurement errors N;, that is, i = 1, . . ., n are uncorrelated, and their vari-
ances are the same and equal to o2. This situation is sometimes called white noise.
We have not yet defined what we mean by a good or best estimator of 6. A
reasonable choice is to find a ® that minimizes the sum squares S defined by

S 2 (Y — HO)T(Y — HO) =

(6.5-10)

Note that by finding © that best fits the measurement Y in the sense of minimizing
J||2, we are realizing what 1s commonly called a least-squares fit to the
data. For this reason finding ® that minimizes S in Equation 6.5-10 is called the
least-squares (LS) method. To find the minimum of § with respect to O, write

S =YTY + OTH’HO — O’H’Y — Y'HO
and compute

0 X
-—é— = (0 =2[H'H]® — 2H'Y,
a0

T The scalar or inner product of two n-vectors, say a and b, is a’b(= b7a). For the relation

between scalar product and norm see Section 5.3. For the definitions of scalar product and norm of
square-integrable functions see Section 4.4.

whence (assuming H’H has an inverse)

O = (HTH)“HTY.

Comparing our result with Equation 6.5-3 we see that B in E
given by By = = (HTH)"'H in the LS method. Equation 6.5-11 is
of 0 based on the measurement Y.

The astute reader will have noticed that we never involved
o21. Indeed, in arriving at Equation 6.5-11 we essentially treated
tic and merely obtained O, s as the generalized inverse (see Lewi
p. 6]) of the system of equatlons Y HO. As it stands, the estim
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of the noise N IS as in Equation 6.5— 9 then @Ls does mdeed have
tles in an 1mportant sense. However, betore discussing this poir
tion 6.6, we give some examples.

Example 6.5-1:
We are given the following data |
6.2 = 36 + i

7.8 =460 + n;
22 =20 ns.

Find the LS estimate of 6.

Solution: The data can be put in the form
y = H6 + n,
wherey = (6.2,7.8,2.2)Tis arealizationof Y, H = (3, 4, I)Tandl

a realization of N. Hence HTH = >, H; = 26 and H'y = 2 H

|
M‘L.n
N
|
B

O, = (HTH) 'HTy =

>
>

Example 6.4-2:

(Reference 6-2, p. 77.) Let 8 = (6,, 6,)" be a two- -component pa
be estimated, and let H be a n X 2 matrix of coefficients partiti
vectors as H = (H;H,) where H;, i = 1, 2 is an n-vector. Then w
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representing the observation data, the linear model assumes the form
Y = (HH,)0 + N
and the LS estimator of 0 1s
. "H/'H, H{H, | '[H{Y]
Os = {

'HIH, HH,| [ H Y]

6.6 OPTIMAL PROPERTIES OF LEAST-SQUARES
ESTIMATORS; THE GAUSS-MARKOV THEOREM

The LS estimator has a number of properties that account for its w1despread use

in estimation problems. It is simple to construct, does not require knowledge of
the pdf of N, is unbiased, and has a minimum variance property, which we discuss

below.
Unbiasedness of the LS Estimator

To show that Oy 5 in Equation 6.5-11 1s unbiased we must show that E (O5] = 0.

We write
Qs = (HTH) 'HTY
= (H'H)"'H!(H# + N)
= (H'H) 'H'HO + (H'H)"'H'N
=0+ BN (B = = (HTH) 'HT). (6.6-1)
Hence

E[O;s] = 0 + BE[N] =

since, by assumption, E[N] = 0.
The covariance of @y s is easily computed from Equation 6.6—1. Thus
E[(Ors — 0)(Os — 0)7] = E[B,NN"B{]
B,E[NN7]Bg
o?BoB;j . (since E[NN'] = o)
a2(HTH) . (6.6-2)

Minimum Variance Property of O

W_e now dem.onstrate one of the most important properties of O, s, namely, its
minimum variance property. Because of this property, the LS estimator 1s some-
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times considered a best estimator and given the acronym BLUE (Best L
Unbiased Estimator).

To begin with, consider any linear unbiased estimator 3 =(0, .. ..
0 of the form @ BY. If @ is to be unbiased then

E[®] = E[BY] = E[B(HO + N)]
BH®6
# (by unbiasedness of ).

The result BHO = 6 implies that
BH = 1. (¢

Equation 6.6-3 is a necessary and sufficient condition for BY to be an unl
estimator of 8. Now consider the covariance matrix K¢ of the error O —

Ko = E[(® — 0)(© — 0)7]
= a’BB". ((

To arrive at Equatlon 6.6—4 we used the facts that (1) BH = 1, (2) that O=20
and (3) that K = E[NNT] = ¢’l. We now ask what matrix B will minimi
dlagonal elements of Equation 6.6—4, which are the variance o'@ of the estir
®.i=1,...,n Wecan solve this problem by using the following ident

BB’ = BB} + (B — By)(B — By)". (

To prove Equation 6.6-5 we need only substitute Bp = (H'H) " 'H! and u
fact that BH = 1. Indeed, observing that

BB; = (HTH)"
and
BB, = (H'H) ' = BB’
and expanding Equation 6.6-5 to

BB’ = 2B,B + BB” — BB’ — BB, (

enables us to demonstrate the identity.

Finding the minimum variance estimator 1s readily accomplished o1
realize that for any real matrix A the diagonal terms ot AAT are always S
squares and hence nonnegative. In Equation 6.6-5 the diagonal terms of B
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minimized when the diagonal terms of (B — Bo)(B ~ B,)! ar
o latter can get 18 ZeTO since they are sums of squares. Thus BB’
hen tr{(B — B(])(B o B{})T] = i, which 1S ‘

smallest that th

has strictly minim
achieved only when B = By.

& s = BoY (Bo 5 (HTH) 'HT)

1.S estimator

ariance, unbiased li

estimators will have the subscript 0 rather than LS tO emphas
! L imum-variance property. The fact M 1
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Theorem 6.6—1. Consider the model

Yy = HO + N,

where EIN] = 0 E[NN'] A K = ¢g¥. Suppose we want 10 estimate a linear
function of 0, say ¢ = DO where D 1s a matrix of known coefficients. Then the
minimum-variance, ' ' timator ®o of & is given by

6.6-8)

c68forD=T1 |
.yn of Equation
- 1. We

ased estimator of ¢ of

have already proven the validity of Equation

ding up 1O Equation 6.6—1.

6.6-8 for D arbitrary 18 a straightforward extension of
| 11 as the demonstration that any linear unbi

Y where L 1s O be determined must satisty

Comment. We
in the discussion lea

the form ® = L
6.6-9) ¢

LH=D

ssumed that the noise N has ¢
unbiased, linear estimator 1n

So far we have a
variance matrix? The answer follows.

the minimum variance,

when K 1s an arbitrary CO
Consider again the model

Yy = HO + N,

d as before including EIN] = 0, except the covarl-

e definite. Then from Equation 5.

where all quantities are define
(we change the notation slightly from Eq.

trix K of N is arbitrary posit1V

ance ma
sts a factorization

know that there exl

5.6—14):
K-1=€C" (6.6—11)

6.6-10)

6-14 we

<uch that CTKC =1 anid. Wwe KNOWH NOW. A AT S

mation
— T
o e (6.6-12)

Then premultiplying Equation 6.6—10 by CT yields the matrix equation
w = C'HO + C'N

= H'6 + N'. (6.6—13)

where H' 2 cTH and N’ = CTN. Now observe that

Kn = EIN'N'T]
— E[CTNN'C]
— CTE[NN']C
= CTKC

= [, the identity matrix. (6.6—14)

Hence from Equation 6.6—7, the LS, minimum-variance, unbiased, linear estima-

tor of @ is given by
6, = HTH)'H'W
= (HTCCTH)*‘HTCCTY
= (HTK”H)”HTK“Y.

|y —

takqn to be as the statement of the celebratex

15 is what 1S generally
hat O 18 unbiased we write

Equation 6.6—
heorem. 10O show t

The covariance matrix of @ 18

E[(© — 0)(O, — 0] = HTK'H) 'H'K'K
v« K-'HHTK 'H)™'

— (H'K 'H)™ (6.6-1

and from the theory advanced earlier, its diagonal elements, that is, the varianc
L : A & P A
, Op)

of the individual estimators ®;, 1 = {,...,nIn O = O ..-

2
0- -
®f

minimal. Let us summarize



Theorem 6.6—2. (The Gauss-Markov theorem.) Consider the model

Y” “HITN———

where Y is an n X 1 vector of observations, His an n X k (n > k) matrix of known_
coefficients, @is a k X 1 vector of parameters, and N is an n X 1 random vector |

consisting of ‘‘measurement’’ noise with
E[N]I =0
and
E[NNT] £ K.
" Then the minimum-variance, unbiased, linear estimate of 0 is

0, = H’K-'H)"'H’K"'Y. m

-~ . %

Extension. The minimum-variance, unbiased, linear estimate of a linear |

function of @, that is, ¢ = D@ is given by

&, = DHTK'H)"'H'K"Y. (6.6-17)

The proof qf Equation 6.6-17 follows directly from the facts that (1) any unbiased |

estimator ® of ¢ that is a linear function of Y, that is, ® = LY must satisfy

LH=D

for unbiasedness and (2) the following identity with L, = DH’Ky'H) 'HKy' .

holds:

LL7 = LiL§ + (L — Lo)(L — Lg)7. (6.6-18)

We leave the details as an exercise to the reader.

ESTIMATION OF RANDOM VARIABLES

In the previous sections we considered the estimation of a parameter 6 (or 6) by
observing random variables and forming a function of these random variables
called an estimator. This estimator was then used to estimate the unknown param-
eter. We now consider a different problem, namely that of estimating one random
variable with another or one random vector with another. We introduce the basic

ideas in this section; subsequent development and application of these
be taken up in Chapter 11.

To make clear what we mean by estimating one random variable
other, consider the following example: Let X; denote the barometric pres
and X, denote the rate of change of the BP at ¢+ = 0. Let Y denote th
humidity one hour after measuring X = (X;, X,)”. Clearly, in this case,
are dependent r.v.’s; then using X to estimate Y is a case of estimating
with another (actually X here is a random vector).{

In terms of the axiomatic theory we can describe the problem of
one r.v. with another in the following terms: Consider an underlying exps
with probability space P 2 (Q, %, P). Let X and Y be twor.v.’s defined
every { € (), we generate the numbers X({), Y({). Suppose we can obs
X(9); how do we proceed to estimate Y({) in some optimum fashion?

At this point the reader may wonder why observing X({) doesn’t
specify Y({). After all, since X and Y are deterministic functions, why
reason that X({) specifies £ specifies Y({)? The answer is that observing.
not, in general, uniquely specify the outcome { and therefore does not
specify Y({). For example, let Q@ = {2, —1,0, 1, 2}, X({) = {*and Y()
the observation X({) = 4 is associated with the outcomes { = 2 or {
course, these may not be equally probable) and Y(2) = 2 while ¥(-
Hence all we can say about Y({) after observing X({) is that Y({) has
—2. If all outcomes { € € are equally likely then the a priori probability
istand P[Y=2|X=4]=3.

Assume, at first, for simplicity that we are constrained to estimate
linear function aX. Assume E[X] = E[Y] = 0. Note that a generalizati
problem has already been treated in Example 4.3-4. The mean sqt
(MSE) in estimating Y by aX is given by

2

E[(Y - aX)]

= 0} — 24 Cov(X, Y) + a’c%k

&

Setting the first derivative with respect to a equal to zero to find the min
obtain

Equation 6.7-2 furnishes the value of a, which yields a minimum me
error (MMSE) if we restrict ourselves to linear estimates of the form Y

+ The abbreviation r.v. can mean random variable or random vector without amt

+ All random variables in this section are initially assumed to be real. However
discussion we shall generalize to include complex r.v.’s.
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